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Abstract
The quasipotential in the fourth order of perturbation theory is calculated in
the Coulomb gauge for the unequal mass particles. It could be used for the future
calculations of energy spectra in two-body systems.
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At present the problem of an existence of the narrow resonances in (e+e−)- and
(pp)-systems [1, 2] requires the adequate theoretical description [3]-[6]. The method
proposed in the above papers is based on the quasipotential equation [7, 8] with the
relativistic Coulomb potential modified with taking into account the binding effects in
two-particle systems.
In this article the method of construction of the quasipotential by means of the
two-time Green function Ĝ(xa, xb, t, ya, yb, t
′) is applied to the investigation of processes
of the two-photon exchange.
The quasipotential
Vˆ = F−1 − (Ĝ+)−1 (1)
F = Ĝ+0 = (2π)
3δ(~p− ~q)(E −
√
~p2 +m21 −
√
~p2 +m22)
−1 (2)
was used earlier for the calculation of corrections to the Fermi energy of the hyperfine
splitting and for the analysis of the fine structure energy in hydrogen-like atoms [9]-[11].
Recently the papers [12, 13] 1 devoted to the calculation of the O(α6logα) correc-
tions in the two-body quantum electrodynamic systems have been appeared. The planned
experiments will produce the question of eliminating the discrepancy in the results of cal-
culation of the O(α6logα) corrections between [12] and [13].
The expressions for the quasipotential in the fourth order of perturbation theory
(unequal mass case), which are presented in this paper, could be used for verifying the
results [12, 13] and solving the problem. The indices C and T describe the successive
exchange of the Coulomb photons and the transverse photons, respectively 2 The index
”it” marks the expressions corresponding to the iteration diagrams. The index ”×” marks
the expressions corresponding to the cross diagrams (Fig.1b,1e,1f,1h ).
VˆCC(~p, ~q;E) = −
2α2
π
u∗1(~p)u
∗
2(−~p)
∫ d~k
k2pk
2
q
Λ
+
1 (~k)Λ
+
2 (−~k)
ǫ1k + ǫ2k −E
+
+
Λ−1 (~k)Λ
−
2 (−~k)
ǫ1k + ǫ2k + E
 u1(~q)u2(−~q) (5)
Vˆ ×CC(~p, ~q;E) =
2α2
π
u∗1(~p)u
∗
2(−~p)
∫
d~k
k2pk
2
q
 Λ
+
1 (~k)Λ
−
2 (~k − ~p− ~q)
ǫ2p + ǫ1k + ǫ2kpq + ǫ2q − E
+
+
Λ−1 (~k)Λ
+
2 (~k − ~p− ~q)
ǫ1p + ǫ1k + ǫ2kpq + ǫ1q −E
 u1(~q)u2(−~q) (6)
1The results of these papers are different for the positronium from each other:
∆E[12] =
1
96
mα6logα−1(3 + 5~σ1~σ2)
δl0
n3
(3)
∆E[13] =
5
96
mα6logα−1(3 + ~σ1~σ2)
δl0
n3
(4)
2 The Coulomb gauge is used.
1
VˆCT (~p, ~q;E) =
α2
π
u∗1(~p)u
∗
2(−~p)
∫
d~k
k2pkq
Λ
+
1 (~k)Λ
+
2 (−~k)
ǫ1k + ǫ2k −E
(
1
kq + ǫ2k + ǫ1q −E
+
+
1
kq + ǫ1k + ǫ2q − E
) +
Λ−1 (~k)Λ
−
2 (−~k)
ǫ1k + ǫ2k + E
(
1
kq + ǫ1k + ǫ1q
+
1
kq + ǫ2k + ǫ2q
)−
−
Λ−1 (~k)Λ
+
2 (−~k)
(kq + ǫ2k + ǫ1q − E)(kq + ǫ1k + ǫ1q)
−
Λ+1 (~k)Λ
−
2 (−~k)
(kq + ǫ1k + ǫ2q −E)(kq + ǫ2k + ǫ2q)
×
× Γ12(~k − ~q)u1(~q)u2(−~q) (7)
Vˆ ×CT (~p, ~q;E) =
α2
π
u∗1(~p)u
∗
2(−~p)
∫
d~k
k2pkq
 Λ
+
1 (~k)Γ12(~k − ~q)Λ
+
2 (~k − ~p− ~q)
(kq + ǫ1p + ǫ2kpq −E)(kq + ǫ1k + ǫ2q − E)
+
+
Λ−1 (~k)Γ12(~k − ~q)Λ
−
2 (~k − ~p− ~q)
(kq + ǫ2p + ǫ2kpq)(kq + ǫ1k + ǫ1q)
−
Λ+1 (~k)Γ12(~k − ~q)Λ
−
2 (~k − ~p− ~q)
ǫ2p + ǫ1k + ǫ2kpq + ǫ2q − E
×
× (
1
kq + ǫ2p + ǫ2kpq
+
1
kq + ǫ1k + ǫ2q − E
)−
Λ−1 (~k)Γ12(~k − ~q)Λ
+
2 (~k − ~p− ~q)
ǫ1p + ǫ1k + ǫ2kpq + ǫ1q − E
×
× (
1
kq + ǫ1p + ǫ2kpq − E
+
1
kq + ǫ1k + ǫ1q
)
}
u1(~q)u2(−~q) (8)
VˆTT (~p, ~q;E) = −
α2
2π
u∗1(~p)u
∗
2(−~p)
∫ d~k
kpkq
Γ12(~p− ~k)
Λ
+
1 (~k)Λ
+
2 (−~k)
ǫ1k + ǫ2k − E
×
×
[
1
kp + kq + ǫ1p + ǫ2q −E
(
1
kp + ǫ1p + ǫ2k −E
+
1
kq + ǫ1k + ǫ2q −E
)+
+
1
kp + kq + ǫ2p + ǫ1q − E
(
1
kp + ǫ2p + ǫ1k − E
+
1
kq + ǫ2k + ǫ1q − E
)+
+
1
(kp + ǫ2p + ǫ1k − E)(kq + ǫ1k + ǫ2q −E)
+
1
(kp + ǫ1p + ǫ2k −E)(kq + ǫ2k + ǫ1q −E)
]
+
+
Λ−1 (~k)Λ
−
2 (−~k)
ǫ1k + ǫ2k + E
[
1
kp + kq + ǫ1p + ǫ2q − E
(
1
kp + ǫ1p + ǫ2k − E1 + E2
+
+
1
kq + ǫ1k + ǫ2q + E1 − E2
) +
1
kp + kq + ǫ2p + ǫ1q −E
×
× (
1
kp + ǫ2p + ǫ1k + E1 −E2
+
1
kq + ǫ2k + ǫ1q − E1 + E2
)+
+
1
(kp + ǫ2p + ǫ1k + E1 −E2)(kq + ǫ1k + ǫ2q + E1 − E2)
+
+
1
(kp + ǫ1p + ǫ2k − E)(kq + ǫ2k + ǫ1q −E)
]
+
Λ−1 (~k)Λ
+
2 (−~k)
−ǫ1k + ǫ2k − E
×
×
[
1
kp + kq + ǫ1p + ǫ2q −E
(
1
kp + ǫ1p + ǫ2k −E
−
1
kp + ǫ1p + ǫ1k
)+
2
+
1
kp + kq + ǫ2p + ǫ1q − E
(
1
kq + ǫ2k + ǫ1q − E
−
1
kq + ǫ1k + ǫ1q
)+
+
1
(kp + ǫ1p + ǫ2k − E)(kq + ǫ2k + ǫ1q −E)
−
1
(kp + ǫ1p + ǫ1k)(kq + ǫ1k + ǫ1q)
]
+
+
Λ+1 (~k)Λ
−
2 (−~k)
ǫ1k − ǫ2k − E
[
1
kp + kq + ǫ1p + ǫ2q − E
(
1
kq + ǫ1k + ǫ2q − E
−
1
kq + ǫ2k + ǫ2q
)+
+
1
kp + kq + ǫ2p + ǫ1q − E
(
1
kp + ǫ2p + ǫ1k − E
−
1
kp + ǫ2p + ǫ2k
)+
+
1
(kp + ǫ2p + ǫ1k − E)(kq + ǫ1k + ǫ2q −E)
−
1
(kp + ǫ2p + ǫ2k)(kq + ǫ2k + ǫ2q)
]}
×
× Γ12(~k − ~q)u1(~q)u2(−~q) (9)
Vˆ ×TT (~p, ~q;E) = −
α2
2π
u∗1(~p)u
∗
2(−~p)
∫
d~k
kpkq
α1i(δij −
(~p− ~k)i(~p− ~k)j
(~p− ~k)2
)×
×
{
Λ+1 (
~k)Γ12(~k − ~q)Λ
+
2 (
~k − ~p− ~q)
[
1
kp + kq + ǫ1k + ǫ2kpq −E
(
1
kp + ǫ2p + ǫ1k − E
+
+
1
kq + ǫ1p + ǫ2kpq − E
)(
1
kp + ǫ2kpq + ǫ1q − E
+
1
kq + ǫ1k + ǫ2q − E
)+
+
1
(kp + kq + ǫ1p + ǫ2q −E)(kq + ǫ1p + ǫ2kpq −E)(kq + ǫ1k + ǫ2q − E)
+
+
1
(kp + kq + ǫ2p + ǫ1q −E)(kp + ǫ2p + ǫ1k − E)(kp + ǫ2kpq + ǫ1q −E)
]
+
+ Λ−1 (
~k)Γ12(~k − ~q)Λ
−
2 (
~k − ~p− ~q)
[
1
kp + kq + ǫ2kpq + ǫ1k + E
(
1
kp + ǫ1p + ǫ1k
+
+
1
kq + ǫ2p + ǫ2kpq
)(
1
kq + ǫ1k + ǫ1q
+
1
kp + ǫ2kpq + ǫ2q
)+
+
1
(kp + kq + ǫ1p + ǫ2q −E)(kp + ǫ1p + ǫ1k)(kp + ǫ2kpq + ǫ2q)
+
+
1
(kp + kq + ǫ2p + ǫ1q −E)(kq + ǫ2p + ǫ2kpq)(kq + ǫ1k + ǫ1q)
]
−
− Λ+1 (
~k)Γ12(~k − ~q)Λ
−
2 (
~k − ~p− ~q)
[
1
ǫ2p + ǫ1k + ǫ2kpq + ǫ2q −E
(
1
kp + ǫ2kpq + ǫ2q
+
+
1
kp + ǫ2p + ǫ1k −E
)(
1
kq + ǫ2p + ǫ2kpq
+
1
kq + ǫ1k + ǫ2q −E
)+
+
1
(kp + kq + ǫ1p + ǫ2q −E)(kp + ǫ2kpq + ǫ2q)(kq + ǫ1k + ǫ2q −E)
+
+
1
(kp + kq + ǫ2p + ǫ1q −E)(kp + ǫ2p + ǫ1k − E)(kq + ǫ2p + ǫ2kpq)
]
−
− Λ−1 (
~k)Γ12(~k − ~q)Λ
+
2 (
~k − ~p− ~q)
[
1
ǫ1p + ǫ1k + ǫ2kpq + ǫ1q −E
(
1
kp + ǫ1p + ǫ1k
+
+
1
kp + ǫ2kpq + ǫ1q − E
)(
1
kp + ǫ1k + ǫ1q
+
1
kq + ǫ1p + ǫ2kpq − E
)+
3
+
1
(kp + kq + ǫ1p + ǫ2q −E)(kp + ǫ1p + ǫ1k)(kq + ǫ1p + ǫ2kpq − E)
+
+
1
(kp + kq + ǫ2p + ǫ1q −E)(kp + ǫ2kpq + ǫ1q −E)(kq + ǫ1k + ǫ1q)
]}
×
× α2ju1(~q)u2(−~q) (10)
Vˆ itCC(~p, ~q;E) = −
2α2
π
u∗1(~p)u
∗
2(−~p)
∫
d~k
k2pk
2
q
Λ+1 (~k)Λ
+
2 (−~k)
ǫ1k + ǫ2k − E
u1(~q)u2(−~q) (11)
Vˆ itCT (~p, ~q;E) =
α2
π
u∗1(~p)u
∗
2(−~p)
∫
d~k
k2pkq
Λ+1 (~k)Λ
+
2 (−~k)
ǫ1k + ǫ2k − E
×
× (
1
kq + ǫ1k + ǫ2q − E
+
1
kq + ǫ2k + ǫ1q − E
)Γ12(~k − ~q)u1(~q)u2(−~q) (12)
Vˆ itTT (~p, ~q;E) = −
α2
2π
u∗1(~p)u
∗
2(−~p)
∫
d~k
kpkq
Γ12(~p− ~k)
Λ+1 (~k)Λ
+
2 (−~k)
ǫ1k + ǫ2k − E
×
× (
1
kp + ǫ2p + ǫ1k − E
+
1
kp + ǫ1p + ǫ2k −E
)(
1
kq + ǫ1k + ǫ2q − E
+
+
1
kq + ǫ2k + ǫ1q − E
)Γ12(~k − ~q)u1(~q)u2(−~q) (13)
Here Λ± are the projecting operators, kp =| ~p−~k |, kq =| ~k−~q |, kpq =| ~k−~p−~q |,
Γ12(~k) = ~α1~α2 − (~α1~k)(~α2~k)/~k
2, ~αi = γ
0
i ~γi and γµ = (γ
0, ~γ) – Dirac’s matrices.
The expressions corresponding to Fig.1d,1e,1k are obtained from the expressions
(7), (8), (12) by means of the substitutions p⇔ q and the displacement of the projecting
operators and Γ12. The quasipotentials for the diagrams with a vertex part and a self-
energy part are easily deduced from the one-photon exchange quasipotential presented
e.g in [6, 9, 11, 14, 15].
We are grateful to B. A. Arbuzov, E. E. Boos, V. G. Kadyshevsky and V. I. Savrin
for useful discussions and to N. B. Skachkov for the hospitality.
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Fig. 1. The diagrams for calculation of the quasipotential in the fourth order of pertur-
bation theory(unequal mass case). The dot line corresponds to the Coulomb photon; the
dashed line, to the transverse photon.
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